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a b s t r a c t
In this paper, He’s frequency–amplitude formulation is applied to determine the periodic
solution for a nonlinear oscillator system with an irrational force. Comparison with the
exact solution shows that the result obtained is of high accuracy.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In dimensionless form, a mass attached to the center of a stretched elastic wire has the equation of motion [1]
u′′ + u− λu√
1+ u2 = 0, 0 < λ ≤ 1, u(0) = A, u
′(0) = 0, (1)
It can be seen that the nonlinear oscillatory system above has an irrational elastic item. With the ever-increasing
development of nonlinear science, various kinds of analytical methods and numerical methods have been used to handle
the problem and other nonlinear problems, such as the harmonic balance method [1], the variational approach [2,3],
the variational iteration method [4–8], and the homotopy perturbation method [9–17]. Hereby we will apply He’s
frequency–amplitude formulation [18,19] to solve the problem.
2. He’s frequency–amplitude formulation
We can rewrite Eq. (1) in the form
(u′′ + u)2(1+ u2)− λ2u2 = 0. (2)
We use the trial functions u1(t) = A cos t and u2(t) = A cosωt , which are, respectively, the solutions of the following
linear equations:
u′′ + ω21u = 0, ω21 = 1 (3)
u′′ + ω22u = 0, ω22 = ω2. (4)
The residuals are
R1(t) = −A2λ2 cos2 t (5)
R2(t) = A2(1+ A2 cos2 ωt)(1− ω2) cos2 ωt − A2λ2 cos2 ωt. (6)
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(a) λ = 0.1, A = 0.1. (b) λ = 0.1, A = 10.
(c) λ = 0.5, A = 10. (d) λ = 0.75, A = 10.
(e) λ = 0.75, A = 100. (f) λ = 0.75, A = 10000.
Fig. 1. Comparison of the approximate solution u = A cosωt with the exact one: continuous line: exact solution; dashed line: approximate one.
We introduce R˜1 and R˜2 defined as [18,19]
R˜1 = 4T1
∫ T1/4
0
R1(t) cos tdt = −4A
2λ2
3pi
(7)
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and
R˜2 = 4T2
∫ T2/4
0
R2(t) cosωtdt = 20A
2(1− ω2 − λ2)+ 16A4(1− ω2)
15pi
. (8)
Applying He’s frequency–amplitude formulation, we have
ω2 = ω
2
1R˜2 − ω22R˜1
R˜2 − R˜1
= 1− λ
2
1+ 45A2
. (9)
We, therefore, obtain the following periodic solution:
u(t) = A cos

(
1− λ
2
1+ 45A2
)1/2
t
 (10)
which has a high accuracy (see Fig. 1).
3. Conclusion
In this work, He’s frequency–amplitude formulation is proved to be a very ingenious and effective method for solving
nonlinear oscillator systems no matter whether there is an irrational force or not.
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